The strengthening behavior of particle reinforced metal-matrix composites is primarily attributed to the dislocation strengthening effect and the load transfer effect. To account for these two effects in a unified way, a new multi-scale approach is developed in this paper incorporating the aspect ratio effect into the geometrically necessary dislocation strengthening relationships. By making use of this multi-scale approach, the deformation behavior of metal-matrix composites (MMCs) and metal-matrix nanocomposites (MMNCs) as a function of size, volume fraction, aspect ratio, etc. of the particles has been investigated. Comparison with the previously proposed models and the available experimental results reported in the literature for both MMCs and MMNCs systems demonstrates the superiority of the proposed model.
Introduction
Metal-matrix composites (MMCs) have the potential to provide desirable mechanical properties including high specific stiffness, strength and high creep resistance [1] . These properties make MMCs strong candidates for using in aerospace, defense and automobile applications. Metal-matrix nanocomposites (MMNCs) are most promising in producing balanced mechanical properties between nano and micro structured materials, i.e., enhanced hardness and Young's modulus, 0.2% yield strength, ultimate tensile strength and ductility [2] [3] [4] [5] [6] [7] , due to the addition of nano-sized reinforcement particles into the matrix. It is generally recognized that direct and indirect strengthening may occur in both MMCs and MMNCs [8] . Direct strengthening is due to load transfer from the metal-matrix to the reinforcing particle whereas indirect strengthening results from the influence of reinforcement on matrix microstructure or deformation mode. For example, indirect strengthening can appear because of dislocation generation due to mismatching of both elastic modulus (EM) and coefficient of thermal expansion (CTE) of the reinforcement and the matrix [8] . During the past two decades, several attempts have been made to explore the relationship between microstructure and the deformation behavior in MMCs [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Continuum models including the cell model [9, 10] , the modified shear lag theory [11] and homogenization models [12] provide a dependence of flow stress on volume fraction of reinforcing particles, but not on their size. It seems the drawback of the continuum approach is that it ignores the influence of location of particles, grain size and dislocation density on the micromechanics of deformation and strengthening mechanisms [13] . On the other hand, dislocation based models [14, 15] neglect the load-bearing term of strengthening.
In the meantime, Ramakrishnan [16] proposed an analytical model for predicting the yield strength of the micro-sized particulate-reinforced MMCs. He used a composite sphere model for the intra-granular type of MMCs and incorporating two improvement parameters associated with the dislocation strengthening of the matrix and the load-bearing effect of the reinforcement. The model presented an incorporation of both continuum and micromechanics approaches to predict the low-cycle fatigue life of discontinuous reinforced MMCs [17, 18] . Dai et al. [19, 20] proposed a hybrid approach by incorporating the geometrically necessary dislocation effect into the micromechanical scheme and investigated the strengthening behavior of MMCs. However, the model neglected the effects of aspect ratio of the reinforcement and was applicable only for MMCs containing micron-size particles. In the class of MMNCs, Zhang and Chen [21, 22] developed an analytical model for predicting the yield strength of MMNCs. Three strengthening effects involving (i) Orowan strengthening mechanism, (ii) enhanced dislocation density due to the residual plastic strain caused by the difference in the coefficients of thermal expansion between the matrix and the particles and (iii) load-bearing effect have been taken into account in the model. Despite good agreement between the experiment and the modeling results, the applicability on the micron-size particles was not investigated. Indeed, the effects of aspect ratio of the reinforcement and enhanced dislocation density due to the elastic modulus (EM) mismatch were not considered.
According to the literature survey done by the authors, presenting a model to predict the yield strength of both MMCs and MMNCs can fill the literature gap in this field. Therefore, in the current research, we present the first multi-scale approach in modeling of the strengthening behavior. Considering the effects of size, volume fraction, aspect ratio and properties of the reinforcement concurrently in the proposed analytical model will be the unique and advantageous aspect of this approach. Also, the result of the current model will be compared with those of previous analytical models as well as the published experimental results.
The Model Development

Background
It is clear that the microstructure and properties of the composite matrix or in situ matrix may be significantly different from those of the unreinforced matrix alloy. With addition of the reinforcing phase, the geometrically necessary dislocations are generated to accommodate the mismatch of plastic deformation in the matrix. The presence of particles induces an inhomogeneous deformation pattern in MMCs and high dislocation density in the composite matrix [23] . Calculations of the dislocation density due to EM mismatch as a function of size, volume fraction and in particular, aspect ratio is the most important step in this paper. At the foremost in this paper, the total number of dislocation loops per unit volume (N T ) for a cylindrical particle is estimated. Consider a cube shaped cell of matrix containing a single cylindrical particle subjected to the plastic shear strain γ (Fig. 1) . The particle was removed from the cell and the cell was deformed uniformly. Afterwards, the particle was replaced into the formed hole. It is worth noting that the amount of particle deformation was neglected in comparison to the plastic strain in the matrix. Thus, the compatibility condition requires that the hole be deformed back to its original shape. Many possible sets of displacements can accomplish this. The simplest way is shearing the part of the matrix surrounding the hole to back by an amount of γ as shown in Fig. 2(a) . These displacements are achieved by inserting n shear loops, surrounding the particles as shown. The dislocation array is acceptable only if the local yield stress is not exceeded anywhere. In this school of thought, the nucleation of new dislocations from the particle matrix interface or the cross slip of dislocations of the array are neglected. Ashby et al. [23] showed that new dislocations Figure 2 . The compatibility methods that allow the hole to be deformed back to its original shape by inserting an array of (a) shear loops and (b) prismatic loops.
can often be generated from the interface between the particle and matrix. Alternatively, the necessary displacements can be obtained by inserting prismatic loops as shown in Fig. 2(b) . Despite the previous model, the local yield stress in this model can be exceeded and used as a base of calculations in the current analytical model. Ashby and Johnson [24] applied this approach to the cubic particles and simply predicted the dislocation density as a function of shear strain, volume fraction and size of the particles. In contrast, in the current research the particle shape is selected as a cylinder and the variations of aspect ratio of the particle are considered on the model (Section 2.2): this is one of the important contributions of this investigation. Although the complexity of the presented model is much greater than that of Ashby and Johnson [24] , it will be shown that the current model is more flexible and compatible compared with the conventional models and the experimental results, respectively.
Improvement
The prismatic loops shown in Fig. 2 (b) restore the hole to its original shape by removing material from the right and adding to the left. Generally, the relationship between N T , N V (the total number of particles) and n T (the total number of loops per particle) can be expressed as [19] :
Also, N V and n T are given by [23] :
where V m ,Ā, b, f and V p are the mismatch volume, the average area of the loops, Burgers vector of dislocations in the matrix, the volume fraction of the reinforce- ment and the volume of the particle, respectively. Therefore, N T can be written as:
As equation (4) shows, the first term (f/b) depends on the properties and processing conditions of the matrix and reinforcement, respectively. But the second term (V m /V pĀ ) depends on the shape of the particle. In this paper, the second part of equation (4) is taken into account. As stated above, Ashby and Johnson [24] consider the simple cubic shaped particle as shown in Fig. 3(a) . Therefore, the mismatch volume which is shaded on the left side of the particle in Fig. 3 (a), has been considered according to [24] :
where d and h are shown in Fig. 3 (a). Aspect ratio (AR) of the cubic particle is also defined as h/d ratio. In the case of AR = 1, the mismatch volume can be simply rewritten as
In contrast to the previous model [24] , the mismatch volume (V m ) of the cylindrical shaped particle as shown in Fig. 3 (b) can be calculated using complex triple integration (volumetric integration). As a result of the calculations for the cylindrical particle, V cl. m is:
And, thus, V cl. m can be written as:
where r is the radius of the cylindrical particle and c is related to the aspect ratio (AR) by AR = 2c. It is assumed that the relationship between L (length) and r (radius) of the cylindrical particle is L = cr and particle area is constant and remains as a circle. The other parts of the second term (V pĀ ) in the equation (4) were calculated for both particle shapes. As Dai et al. [19] and Ashby and Johnson [24] mentioned, all loops may not have the same size, but the geometry condition requires that their average area (Ā) be close to 0.5d 2 for cube shaped particle. In the present model, A can be considered equal to πrL or πcr 2 (assuming L = cr) in the same way. At constant volume fraction of the reinforcement, the relationship between d and r for cubic and cylindrical particles, respectively, can be expressed as follows:
Combining equation (4) and equation (8) and nominate the term of
as ϕ factor, N T can be written as:
This factor can be calculated for both particle shapes as follows:
Considering aspect ratio of the cylindrical reinforcement as a variable parameter in equation (12) , unlike the cubic shape, is one of the most distinctive characteristics of the proposed model which has not been reported before. This parameter makes the model more flexible and compatible with the experimental results (as will be shown in Section 3) than the previous models [19, 24] .
Dislocation Density Determination
The increase in the dislocation density in the composite matrix is assumed to be mainly due to the elastic modulus (EM) and the coefficient of thermal expansion (CTE) mismatches between the matrix and the reinforcement. The generated dislocations by EM and CTE mismatches can be considered as two types of the geometrically necessary dislocation [25] . It should be noted that because the current model considers various particle shapes from disk-like to needle-like, the following calculations have been done only for the cylindrical particle, and the cubic particle has been disregarded.
If the length of each dislocation loop is taken as πd, then the geometrically necessary dislocation density due to EM mismatching (ρ EM ) in the case of cylindrical shape particle is given by [19] :
Introducing equation (10) into equation (13) and assuming d ≈ d p leads to:
As equation (14) shows, ρ EM G is a function of both volume fraction (f ) and size of the reinforcement (d p ), as well as shear strain (γ ) and aspect ratio of the cylindrical particle (2c) which is included in the ϕ factor. Typical great difference between the coefficient of thermal expansions (CTEs) of the matrix and the ceramic reinforcement, α, plays an important role in the deformation behavior of metal-matrix composites. The CTE of a ceramic reinforcement is smaller than that of most metallic matrices. When the metal-matrix composite is cooled down from a higher processing temperature to the room temperature, misfit strains appear because of differential thermal contraction at the interface. These strains induce thermal stresses that may be higher than the yield stress of the matrix. The thermal stresses may be sufficient to generate new dislocations at the interfaces between the matrix and the reinforcements [26] . Therefore, after the composite is cooled, the dislocation density in the matrix will increase. The density of the newly formed dislocations, in the vicinity of reinforcement (fibers or particles), can be calculated as follows [15] :
where T is the difference between the processing and test temperatures. In equation (15), t 1 , t 2 and t 3 represent the three dimensions of the particles. In the case of cylindrical particles, t 1 = t 2 = 2r and t 3 = L. By substituting the parameters into equation (15) and considering L = cr, ρ CTE G becomes:
Strengthening Behavior
An increase in dislocation density in MMCs can lead to the in situ matrix being of higher yield strength over the unreinforced metal-matrix. For this case, the yield strength of the in situ matrix is given by [27] :
where σ my and σ m are the yield strength of the in situ matrix and the unreinforced matrices, respectively. While the total increment in yield stress of the in situ matrix ( σ ) can be estimated by [27] :
The increments in yield stress of the in situ matrix due to EM ( σ EM ) and CTE ( σ CTE ) stresses are determined by Taylor dislocation strengthening relations [27] :
where μ m is the shear modulus of the matrix and α and β (two dislocation strengthening coefficients) are taken, respectively, to be 0.5 and 1.25 in subsequent calculations [27] . In addition, one of the most important continuum mechanisms, e.g., load-bearing effect, should be considered in this analytical model. The load transfer from matrix to reinforcing phase is maintained by the interface. The shear lag theory assumes that the load transfer occurs between reinforcement with high aspect ratio and the matrix via the shear stress at the reinforcement-matrix interface. According to this mechanism, fiber acts as reinforcement and carries part of the load. An increase in the yield stress due to load transfer mechanism ( σ LT ) may be given by [28] :
Substituting equations (18)- (21) into equation (17) reveals that the total increment in yield stress of in situ matrix ( σ ) is a function of three different types of parameters. The first group of these parameters conveys the properties of the matrix and the reinforcement, e.g., b, μ m , α and T . The second is conveying the geometry of the reinforcement such as c and d p . The last one discloses the processing conditions, e.g., f and γ . Consequently, the effects of the geometry and processing parameters in the given MMCs system have been investigated. Figure 4 presents the analytical results of the effect of the volume fraction (f ), size (d p ) and aspect ratio (2c) of the particles on the total incremental in yield strength ( σ ) of Al-SiC system based on equation (18) . The pertinent mechanical and physical properties for both kinds of materials (Al as matrix and SiC as reinforcement) are listed in Table 1 [29] . It is noted that the value of the applied shear strain (γ ) quoted in equation (11) is about 30% [25] . As shown in Fig. 4 , with decreasing size of the particles, the strengthening effect in MMCs increase. This effect is significant in the particle sizes smaller than of about 5 µm. In addition, the favored strengthening behavior can be observed with increasing aspect ratio (2c), even in the larger size of the reinforcement. The strengthening effect in the aspect ratio (2c) < 1 has been studied and the trend same as 2c > 1 was observed. In the case that 2c < 1, the (a) shape of the particle may be disk-like or platelet. Also, it can be seen from Fig. 4 , that the volume fraction of the reinforcement in the smaller particle size (d p ) and larger aspect ratio (2c) has the stronger outcomes on σ compared to that of the larger particle size and smaller aspect ratio.
Comparison of the Model and Discussion
To check the utility of the current hybrid model, comparisons between the presented model, the conventional models [19, 21, 22] and the experimental results [14, 19] are made in this section. The new model shows both flexibility and compatibility compared to the conventional models and experimental data, respectively.
A356-T6/SiC Microcomposite
Here, the incremental increase in true yield stress of A356-T6 aluminum alloy due to decrease of particle size (SiC) from 16 µm to 8 µm ( σ 16-8 µm ) has been calculated using the new approach, as shown in Fig. 5 . Moreover, comparisons between the increment micromechanical scheme and experimental results [19] have been made in the figure. In this case, the volume fraction (f ) and aspect ratio (2c) of Table 1 .
The mechanical and thermal properties of Al-SiC composite [29] Property the reinforcement within the new proposed model have been considered 0.15 and 1, respectively. It has been noted that the relationship between the local shear strain (γ ) and the overall tensile strain (ε) must be determined according to the following linear equation:
where k is a fitting parameter and should be calculated based on only one set of experimental data. This parameter has a strong dependency to the scrutinized system of MMCs and takes a single value for the examined MMCs. Values of k factor for A356T6-SiC composite and the subsequent MMC or MMNC systems have been presented in Table 2 . Although the model presented here gives slightly better prediction than that of the conventional model [19] , both of them show the same trend as the experimental results (Fig. 5) . The reason for this point is that these models consider both direct strengthening (load transfer from the matrix to the reinforcement particles) and indirect strengthening (dislocation strengthening) whereas the other models reported in the literature, e.g., strain gradient theory [30] , only considered the indirect strengthening. 
Al/Al 2 O 3 Microcomposite
As another verification of the new model, Al-Al 2 O 3 composite has been considered. Figure 6 illustrates both the new model predictions and experimental data [14] . Similarly to the results reported in the previous section, the incremental increase in true yield stress due to decrease of particle size (Al 2 O 3 ) from 10 µm to 5 µm ( σ 10-5 µm ) has been considered as comparison base. In this case, values of the volume fraction (f ) and aspect ratio (2c) of the reinforcement in the calculations have been considered as 0.4 and 1, respectively. It should be noted that authors in Ref. [14] choose the 0.02% offset stress to characterize the yield point of the composites. Although this is somewhat an arbitrary definition, it allows for comparisons to be made between the various composites. As observed, the new hybrid model shows good accordance with the experimental results but demonstrates a few overestimations. In this matter, two sources of disparity may occur. Foremost, in our model the interactions between the particles have been neglected. To put this another way: we assume a composite containing dilute concentrations of the filler, the same as Eshelby's equivalent model [31] . In such a composite system, the spacing of particles is large enough that the perturbation of the matrix strain field resulting from each particle vanishes (according to Saint-Vanant's principle) before it can have an effect on any other particles. In this case, each particle behaves as if it is 'isolated', since it cannot sense the presence of its neighbors. This situation is common in nanocomposites since the filler content is usually low. Afterward, in the current model a complete adhesion between the reinforcement and the matrix has been regarded. Incorporating the role of interface in the model can be examined in future works.
Mg/Al 2 O 3 Nanocomposite
The proposed model has a distinctive attribute which can be applied on the MMNCs, additionally. In order to evaluate and compare our modeling results with the conventional proposed model [21, 22] , Mg-Al 2 O 3 nanocomposite has been preferred. Table 3 presents the mechanical and physical properties of the nanocomposite tested at room temperature [32, 33] . The incremental increase in yield stress ( σ ) versus particle volume fraction (f ) is compared for the new hybrid model and the conventional model [21, 22] , as shown in Fig. 7 . Calculation in the current model is made based on equation (17) for different sizes of reinforcement nanoparticles (d p ). As stated above, nano-particle size has a significant effect on the yield strength when the volume fraction is slightly higher than 0.01 (Fig. 7 ). Another important point is that the improvement in the yield strength of the MMNCs becomes very strong when the nano-particle size is smaller than about 100 nm. This is in agreement with the experimental results [33, 34] and provides a theoretical support to the terminology of nanotechnology, e.g., as defined by the U.S. National Science Foundation [35] , where ". . . The novel and differentiating properties and functions are developed at a critical length scale of matter typically under 100 nm . . ." is specified. On the other hand, Fig. 7 reveals an enormous disparity between the predicted results using the present model and the conventional model [21, 22] . The major reason for this disparity is consideration of the geometrically dislocation density due to EM mismatch (ρ EM ) in our model. In other words, the conventional model only considers the influence of coefficient of thermal expansion (CTE) mismatches between the matrix and the reinforcement on dislocation density (ρ CTE ). Also, Fig. 7 shows an intersection point of the conventional model and the new presented model which is called the critical volume fraction (f c ). In the vol- Table 3 . The mechanical and thermal properties of Mg-Al 2 O 3 composite [32, 33] Property ume fraction smaller than f c , the presented model in this paper predicts the yield stress much more than the larger f c and vice versa for the conventional model. With decrease in the size of the particles (d p ) and increase in the volume fraction (f ), the interception point has been transferred to the smaller volume fraction, which may be due to strong interaction between particles. In fact, the Orowan strengthening mechanism and the geometrical dislocation density mechanism are dominated for f > f c and f < f c , respectively. To further verify, another comparison between the present model, the model suggested by Zhang and Chen [21, 22] and the experimental data [32] are presented in Fig. 8 . Comparing the present model with the conventional model in this figure il- lustrates that the present model predicts better results than the conventional model for the smaller volume fractions of fillers (<0.08). However, the present model overestimated the incremental yield stress for the larger volume fractions (>0.08). This overestimation might be due to the fact that in the larger volume fractions, because of some unexpected phenomenon such as agglomeration process, the incremental yield stress decreases. Another superiority of the present model, as stated in Section 2.4, is to consider the aspect ratio (2c) as a variable compared to the conventional model [21, 22] , particularly in MMNCs systems. This characteristic attribute of the new hybrid approach would have been more obvious if the experimental results were available for the different aspect ratio of the nano-particles. Aspect ratio (2c) of the nano-particles has been considered as 1 within our model throughout the above calculations.
Conclusions
A multi-scale model to predict the yield strength of MMCs and MMNCs is proposed on the basis of the strengthening effects characterized by the shear lag model (direct strengthening) and enhanced dislocation density due to elastic modulus (EM) and coefficient of thermal expansion (CTE) mismatches (indirect strengthening). The presented model has two significant attributes which include compatibility (with the best prior models) and flexibility (introducing the aspect ratio of the particles, i.e., 2c, as a variable). Also, the new hybrid model indicates that 100 nm is a critical size for the particles to improve the yield strength of MMCs; below this the slope of yield strength versus particle size increases remarkably. The model shows reasonable agreement with the experimental data reported in the literature, indicating that it is necessary to consider both of the strengthening mechanisms (direct and indirect strengthening).
